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Abstract

Harmonizable time series form a wide class of nonstationary time series,
Tractable Fourier analysis, spectral distributions with correlated components

Many fields of application, for example, analysis of replicated
ElectroEncephaloGram signals for studying the brain connectivity.

Here

Parametric form : Harmonizable Vector AutoRegressive and Moving Average
models (HVARMA)

Same spirit as of standard VARMA models: solution of a difference equation
Harmonizable noise: uncorrelated, but variance not constant over time
Give their spectral characteristics

Provide a methodology for generating realizations of harmonizable time
series based on known spectral characteristics.

Discuss how to estimate the parameters on a simple example of an
univariate HVARMA (1,0) model.

Do not assume any model for the harmonizable noise except its
heteroskedasticity.
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Aim of the talk:

Review and complements on multivariate linear harmonizable models :
(Rozanov, 1959), (Rao, 1982), (Mehlman 1991).

Starting point of this review:

Construction and simulation of harmonizable time series with specific
spectrum.
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EEG and spectral analysis

@ Spectral analysis is essential tool for neuroscientists. The spectrum of
EEG time series has a direct neurophysiological interpretation.

o Multivariate time series problem: coherence analysis. But with such
complex processes, the study of functional connectivity requires
dual-frequency coherence.

(Neuroscience justifies the importance of capturing dependencies
between different frequency bands at different locations)

@ Dynamic phenomenon

@ Several subjects: can we identify differences in subject specific
reaction patterns ?
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Spectral analysis: illustration
Consider an univariate time series (Xj)nez-

We observe replicated realizations {X}, : t =1,...,N;r=1,...,R}.
Define its Loeve spectrum as

R
. 1 , —— )
Mx x = iR ; dy(w1)dy(w2), wi,w2 €[0,51)

where df (w) is the Fourier transform of the r-th replicate.

@ Fig.1: ElectroEncephaloGram
@ Fig.2: Stationary time series
o Fig.3: Locally stationary process

o Fig.4: PC time series
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Figure: 1 ElectroEncephalGram
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Stationary process

Tapered Loeve spectrum estimate

Figure: 2 Stationary time series
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Locally Stationary process
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Figure: 3 Locally stationary time series
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Periodically correlated process

Tapered Loeve spectrum estimate

Figure: 4 PC time series
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Context

@ Second order structure.

@ How to capture correlation across different frequencies?
That is where harmonizable processes comes in (Loéve, 1945).

o Consider (€p)nez be a real-valued white noise :
E(e) =0 and E(erem) = lip—m)-
Let Z, =€, for n>0and Z, =0 for n < 0.
Then (Z,)nen is not stationary.
Question: What is the spectral structure of (Z,)nez 7

Answer: Weakly harmonizable not strongly harmonizable (Abreu
1970).
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Context

I — Multivariate harmonizable time series
Il — Harmonizable noise

111 — Harmonizable linear model

IV — Harmonizable VARMA model

V — Estimation of the parameter of an Harmonizable AR(1) model
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Notation

In what follows, we solely consider centered square-integrable d-variate

time series and we model their second order structure via frequencies
correlation.

For X = (X1,...,Xq) and Y = (Y1,..., Yg)" in HY = L2, ,(P)

Cov[X,Y]:E[XYT]:(E[Xij])kﬂ | and Var [X] % Cov [X, X]

) EARA)

C9 denotes d-dimensional row-vector complex numbers
C'*9 denotes d-dimensional column vector complex numbers

T=R/21 ~ (—m, 7]
Here, T denotes the transpose operator, and * denotes the adjoint

operator, i.e. the conjugate transpose operator.
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| — Multivariate harmonizable time series
Definition ((Rozanov 1959), (Rao 1982), (Mehlman 1991))

A d-variate time series (Xp)nez is said to be harmonizable when it admits
a spectral stoch. measure py : B(T) — H9 = L2.,.4(P), (c-additive) such
that

Xp = / e™ dpy(N).
T

The integral is in the sense of Dunford-Schwartz, 1957.

Proposition

A centered time series X is harmonizable if and only if it admits a
spectral bimeasure My : B(T) x B(T) — C9*9 (s-additive w.r.t. each
component) such that

cov[Xm,X,,]://ei(m)‘l_”)‘Z) dMx (A1, X2).
TJT

The above integral is a Morse-Transue integral (Rao, 1982).
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@ Relationship between spectral stoch. meas. and spectral bimeasure:
Mx (A, B) = Cov[ux(A), px(B)] = E|ux(A) ux(B)*].
@ The bimeasure My is not necessarily extendible as a meas. on T?.

@ When the bimeasure My is extendible as a meas. on T?, the time
series is said to be strongly harmonizable, (that is, “harmonizable in the

sense of Loeve”.)

Otherwise it is called weakly harmonizable (or simply, harmonizable).
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@ The 2nd order stationary times series are strongly harmonizable.

@ A centered strongly harmonizable time series X is stationary
if and only if its spectral bimeasure My is concentrated on the first
diagonal of T? :

Mx (A, B) =0, for ANB =0, A B e B(T).
That is its stoch. meas. py is orthogonally scattered:

E[ux(A)Nx(B)*] = Cov[px(A), ux(B)] =0, when ANB=4.

Then the spectral meas. mx on T of the stationary time series X:

mx(AN B) = Mx(A, B) = Mx(B,A)*,  forany A,B € B(T).
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[l — Multivariate harmonizable noise

Recall : we seek for a parametric form for harmonizable time series with an
intelligible spectrum.

@ Need to ensure the harmonizablility of our ARMA process.

@ Proceed alike to the stationary case : define a VARMA harmonizable
time series as the unique solution of difference equation based on an
harmonizable noise.

@ Harmonizable noises to be considered as innovation for harmonizable
models.

Main ingredient: "the linear space of weakly harmonizable processes is a
module over the class of all bounded linear operators on H9" (Rao, 1984).
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Recall
Definition
A zero-mean d-variate time series (€,)ncz is @ d-variate white noise when

Eleme)] = Covlem, en] = X2

for some symmetrical non-negative-definite d x d-matrix Zg.

A d-variate white noise is a stationary time series.

Definition
In this work a d-variate pure white noise is a d-variate white noise such
that

Y2 =Tynqg (d x d-identity matrix).
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Lemma (Fundamental lemma)

Let Z, Y (Zn1, ... Zng)' such that

E[Z,] =04 and E[Z,Z})] = Cov|Zn,Zm] = X2 I{m—n}-

We have equivalence between:
e Condition (Ha): sup, ; E[|Z,;|*] < co.

@ There exist a d-variate white noise (€,)ncz and a family of
d x d-matrices S, = (Spj k)j k=1,..d Such that

sup |Sp k| < o0 and Z,=Spen, n € Z.
nj,k

Then Var[Z,] = S,X.S;.
For a pure white noise Var[Z,]=S,S;, [|£3 | =E[Z]Z,] =tr(S,S}).
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Harmonizability of a non-correlated time series (Z,)nez

Condition (Ha):  Z, % (Zn1....,Znq)" such that E[Z,] = 04

E[Z,Z},] = Cov[Zn,Zm] = £ Iipmepy and  sup T3 || < oo.
Theorem (Definition of harmonizable noise)

A time series Z = (Z,)nez fulfilling condition (Ha) is harmonizable.

Such a time series Z is called harmonizable noise.

Its spectral stoch. meas. pz defined on B(T) verifies

Ha(A)= oY ( / e—’"AdA) Z,

nez

the convergence being in Hd(z) C Lclxd( )-
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Remarks

@ Then the spectral bimeasure Mz of (Z,,)pcz is defined on
B(T) x B(T) verifies

Mz(A, B) = E[u;(A)u3(B W > < / / A db) 27,

nezZ

@ If (en)nez is a white noise, then it is stationary. Hence harmonizable.
The spectral stoch. meas. p, is orthogonally scattered, that is,

def *
Mc(A, B) = E[pu (A)pi(B)] = 0gxg when AN B =1.
Moreover, it admits a spectral meas. m. defined on B(T):

me(AN B) = M(A, B):E[”E(A)H:(B)]v A, B € B(T).
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@ Let Z be a d-variate harmonizable noise.

Then every function f € L%(T) is integrable w.r.t. puy and

| [y ana

2 2
<58 [ 1OV dx
Hd 27T T

where ¢2 = SUP,j k |Sn.j k 2

Thus the spectral stoch. meas. w5 is absolutely continuous w.r.t.
Lebesgue meas. on T.

Nevertheless, this does not mean that there exists a an integrable
function Az : T — HI = L%lxd(P) such that

pz(A) = /A Az(N) d.

Nor that the spectral bimeasure Mz is extendible to a C9*“-valued
meas. on B(T?).
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Examples of harmonizable noises

def . . . . . .
Let € = (en)nez a d-variate white noise. The following time series are
harmonizable noises.

(O)dﬁ gp for any n € Z.

Z(l) =g, for n>0, and zﬁ,”défo otherwise (Abreu, 1970)

(2) def5(4)e,,, where d = 2 and 5(4) d§f< *Ll,n S1.2n ) with
S21,n S22.n

SUp; j o |Sij,nl < o0 .

D. Dehay (IRMAR - Rennes) HVARMA model 22 /50



Examples (seq.)

o Let Xd:Cf(X,,),,GZ be L%lxd(P)—bounded time series.
Consider the innovation series Z(3) = (Z£,3)),,€Z defined by

def

23 X = Po1Xaj,

nJ
where P,_1X,; is the one-step prediction of X, ;, that is,

the orthogonal projection of X, ; onto the sub-Hilbert space H,_1(X)
of L%(P) generated by {X,x :p<n—-1,k=1,...,d}.

Then the series Z() = (Zg,i)),,ez, i=0,...,3, are harmonizable noises.
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Theorem (Strongly harmonizable noise)

A d-variate harmonizable noise (Z,)ncyz, is strongly harmonizable

if and only if '
Y5 = / e™dmz(N\)
T

where myz is some C9*9_valued meas. on T.

@ A white noise (€,)nez is strongly harmonizable
and mg(A) = X290(A) where dg is Dirac meas. at 0.

o Let Ge L(lcdxd(’]l‘), the (" convolution™) function
D()%f / G(u)G(u + \)* du
T

has positive semi-definite Fourier matrix-coefficients. Thus there is a
strongly harmonizable noise Z such that

¥3 :/e’"AD(A) dX
T
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Existence of a spectral stoch. density
Existence of a strongly measurable Lebesgue-integrable function Az : T — H9(Z)

such that Z, = / ein)\AZ()\) d\.
T
Theorem (stoch. density of noise)

The stoch. meas. 7 admits a density w.r.t. Lebesgue meas. on T
if and only if the total energy of Z is finite :

Ztrzzn = ZtrVar[Z,,] = ZE[ZIZ_,,] = ZZE(Z'%,J) < 00.

In this case, the time series Z is strongly harmonizable: the spectral
bimeasure Mz is extensible to a complex meas. on R? with density

det 1 —in(\—
Fz(M,22) = Dz(A — )= 5 ) e (Ma=he)y2
neZ

1 ; .
Az(N) = > Z e ™Z,, the convergence being in L2,(P).
& nEZ
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Existence of a spectral stoch. density (seq.)

In this case, the spectral bimeasure My is extendible to a C¢*9-valued
meas. on T2 with density

E[Az(A1)AZ(A2)] = Dz(A1 — A2)
w.r.t. Lebesgue meas. on T2, and where
1 —in\y-2
Dz(}) = 4772%;6 Xz,

The spectral stoch. density Az is stationnary w.r.t. the frequencies.
Furthermore

Y2 = / e d(mz\) = / e?"Dz(\) dA.
T

T

Notice that a (non-null) white noise (€,)nez has no spectral stoch. density

. Indeed, condition >, trZi" < oo is not fulfilled since Zin = constante.
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[11 — Multivariate harmonizable linear model

Stability by application of a finite time-invariant linear filter on an
harmonizable time series.

Theorem (Harmonizable linear model)

Let Z = (Z,)nez be a d-variate harmonizable noise and (Ap)nez be a
family of complex d x d-matrices with ) tr(A,A}) < co. Then the
d-variate time series X = (Xp)nez

X, = Z An—mZ; = Z AmZn-m, (convergence in H(Z) C L2,,(P))
meZ meZ

is well defined and harmonizable.

Moreover,
If Z is strongly harmonizable then X is strongly harmonizable.
If Z has a spectral stoch. density then X has a spectral stoch. density.

If Z has a discrete spectral stoch. meas. then X has a discrete spectral
stoch. meas..
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Theorem (Harmonizable linear model, seq.)

Moreover the Fourier transform A : T — C4%9 js pz-integrable and the
spectral stoch. meas. py verifies for A € B(T)

ix(A) = 5 3 ([ e AENN) 2, = [ A2 duz).

nez
Thus

X, = / M A(-N) dpiz(\).
T

The spectral bimeasure of X can be expressed by

Mx (A, B) = # ZZ ( /A e’“ﬂ(—)\)d)\) ncy ( /B e""A/K*(—A)dA> .

v
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Remarks
(1) If Z is strongly harmonizable then X is strongly harmonizable and

Cov[X, Xom] = % / /T VRN 4 5)AT() ddma(u)

The spectral bimeasure My is extendible to a meas. on T? and verifies

Mx (A, B) = %/B (/A_& A(A1 — A2)A%(=A2) dmz()\1)> d)o.
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(2) If Z has a spectral stoch. density then X has a spectral stoch. density
Ax(N) = A(=N)Az(N):

Xy = / e™MA(=A)Az(A\)dA

T
Thus
COV{X,,,Xm} /(Ze'f’\A __,Dz()\) —j> dX
nez
:// e H(Ma=mR)A (L X1 )D7 (A1 — A2)A*(=A2) dArd .
T2
Recall 1 )
Bz(N)=5- > e ™z, Dz(N)=,— > e ™57, E[Az(M)Az(X)]=Dz(M — Xo)

neZ n€Z
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IV — Harmonizable VARMA model
A difference equation on the harmonizable noise Z
Xn + ¢1Xn—1 +-+ ¢pxn—p = Zn + elzn—l + -+ eqzn—q' (1)

where ¢y,...,$,,01,...,0g € C*9. Let

(‘D(z)déf]ldxd +¢z+ -+ ¢,z° and e(z)dﬁfﬂdxd + 017+ +6,2°.

We assume that det ®(e™*) # 0 for any .
Then equat. (1) admits a unique harmonizable solution :
X, = / ein)\q)(efi)\)fle(efi)\) duz(A)
T

The spectral stoch. meas. py verifies

NOEEDS < /A e M () 1o (e ) d)\> Z,

neZ
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o If Z is a strongly harmonizable noise then X is strongly harmonizable.

@ If the harmonizable noise Z is of finite energy, then Z and X has
spectral stoch. densities and Loeve densities Fz and Fx w.r.t.
Lebesgue meas. on T?

1 )
Cov[Xp, Xm] = 27T//TQe:(nAl—mAz)FX()\l7 A2) dA1d ),

where

Fz(A1,A2) = Dz(A1 — A2), Dz()\) = e Z e NE3
nez

and

Fx(A1, A2) = ®(e )10 ™M)Dz(A1 — A2)O" (e 2) " (e~ 2) !
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Remarks
o Causality (Brockwell & Davis, Theorem 3.1.1) :

det®(z) £0 for|z| <1 = Xo= Y A jZi=> AZ,;
j==o0 j=0
o Invertibility (Brockwell & Davis, Theorem 3.1.2) :
det@(z) #0 forz| <1 = Zp= > MpX;=) MX, ;.
j=—00 j=0
Here ©(z)10(z) = djez n;z

@ In the two previous relations, we have the equivalence whenever the
polynomial functions det ®(-) and det ©(:) have no common zeroes.
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Example : d =1 Let Z = (Z,)nez, be a univariate harmonizable noise.
Consider the difference equation

Xn = ¢Xn—1 + Zn + 92n—1~

o If |¢| # 1 Then there exists a unique harmonizable solution

iy 14 e
X, = / Al—qbe ~ duz(N).

e If  =0and 0 < |¢| <1 then

n— Z¢_JZ qujz—l

_j——OO
o If # =0 and |¢| > 1 then
0 . .
Xo = (-1Y¢7 Z,y;.
j=1
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Construction of an harmonizable time series

Let N > 0 be fixed and w; = o 2,2\,711, —-N N.
Let

7 _ ZJN:_Ne"”wfuj for n=-N,...,N
" 0 otherwise

where (Hj)jeZ is a periodic 2nd order stationary sequence on Z.

Let Ku(r)défCov[uH,,uj] for any j,r € Z.

Then pj ony1 = pj and Ky (r+ 2N + 1) = Ky (r).

Then Z = (Z,)nez is an harmonizable noise with a spectral stoch. density.

The density of the spectral bimeasure Mz is equal to

2N 2N +1 u
Fz(A1,A2) =Dz(A1 — XA2),  Dz(\) = > Wiv(wj — MKu())
j=—N
N . A
. sin((2N + 1)5
where  Wy(\)= D e = ((—A)Q) Dirichlet kernel
Rt sin(5)
Actually the random variables p1; forms a d-variate mean-zero stationary time series on Zy =Z7/(2N+ 1) ~{=N, ..., N}
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Construction (seq.)
Then the harmonizable VARMA time series X defined by

Xn + d)lxn—l +---+ ¢an—p = Zn + elzn—l + -+ Oan q
is strongly harmonizable with bispectre

Mx(dA1, dX2) = Fx(A1, \2) dA1d

Fx(>\1, )\2) — q)(e—i)\l)—le(e—i)q)Dz()\l o Az)@*(e—i)\g)(b*(e—i)\z)_l

o O Walw; = X+ 2a) 0(e= )10 MK, ()" ()" (e )

Spectral representation
N
1

_ 1 ANy a—IAY-1 ) ( o iX L
Xo= o (/Te o(e ) 0(e M Wil — ) dA) 1y

j=—N

:/T eMo(e ) to(e™?) ( Z Wh(wj — )
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Spectral analysis: illustration 2

We observe R replications of realizations of two time series X and Y.
Loéve cross-spectrum myx,y and dual-frequency coherence px vy

e

|x,y (w1, w)[?
mx x (w1, w1 )My y (w2, wz)’

fx Y(w17w2

Ax,y(wi,wr) = wi,wz € [0,517)

where df(w) is the Fourier transform of the r-th replicate.

o Fig.5: VARMA versus HYARMA (realizations)
e Fig.6: HVARMA(1,1)-(2,82) (Logve cross-spect. and Dual-freq. coh.)
o Fig.7: VARMA versus HVARMA (realizations)

e Fig.8: HVARMA(3,2)-(2,82) (Loéve cross-spect. and Dual-freq. coh.)
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Figure: 5 VARMA versus HVARMA
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HVARMA(1,1)-(2,82) and
its spectral characteristics
Bivariate Harmonizable time series Autospectral Loeve matrix (first component)
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Figure: 6 HVARMA(1,1)(2,82)
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VARMA(3,2) time series
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Figure: 7 VARMA versus HVARMA
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HVARMA(3,2)-(2,82) and
its spectral characteristics

Bivariate Harmonizable time series
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Figure: 8 HVARMA(3,2)(2,82)
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VI — Parameter estimation, harmonizable AR(1), d =1
H.B. Mann and A. Wald (1943), T.W. Anderson (1959), J.S. White (1958)

Xn — ¢Xn—1 = 2.
Xo and Z,, n > 1, are square-integrable, E(Z,) = E(Xp) = 0, and
Z, 1L Zi, Zy, 1L Xo for n # k,

where LI denotes the independence of the random variables.

Then def

n
S =D 67K Z = (67" X — Xo) L Xo.Zik<n—1
k=1

M ar(X) = BOG) = 273 6 E(Z2) + PE(R).
k=1

Notice that, if |¢| > 1 and sup, E(Z?) < oo, then lim, ;o0 S, = S» and

lim ¢7"X, =55, +Xo ing.m. and a.e

n—o00

where E(Sw) =0 and E(52) =3, ¢72"02 < <.
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Now we define the least squares estimator of ¢ € R as follows

n n
~ def . 2 > o1 Xe—1Zk
¢n = argmin g (Xk — pXp—1)” = LS5,
! ¢ >k XEa

Proposition (Parameter estimation: consistency)

Let sup, E(Z2) < oo, sup, E(Z3) < 0o and E(X§) < co. Assume that
(i) when |¢| < 1, liminf, 1 3°7_ E(Z2) > 0,

(ii) when || > 1, P(S5- + Xo =0) = 0.
Then R
lim ¢, = ¢ a.e.
n—o0

Recall for [¢|>1,  S™> ¢7*Z  qm. andae.
k=1

Strong law of large numbers for martingales (Hall & Heyde 1980, Theorem 2.18)
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Proposition (Parameter estimation: |¢| < 1 - Asymptotic normality)

Let || < 1, sup, E(Z2) < oo, sup, E(Z2) < oo, E(X§) < co. In addition,

assume that
lim —ZE (Z))=0>>0 and

n—oo N

lim —ZE(ZQ)E( J+k)—nﬁ>0 for any k > 1.

n—oo N

Then

~

ﬁ(¢n _ ¢)) m Iaw (0 r¢)

= (- PP T Pt
k

where
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Proposition (Parameter estimation: |¢| = 1 - asymptotic law)

Assume that |¢| = 1, sup, |E(ZF)| < oo for any p > 2, E(X§) < oo and
1 2 2
n'L’TJo;kZIE(Zk) =02 > 0.

Then
B2 -1 o [y BudBs
2 [ B2du [y B2du

Here {B; : t € [0,1]} be a Brownian motion.

n((gn - ¢) in_lav)v
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Lemma (Parameter estimation: |¢| > 1 - particular case - asymptotic
law)

Let |¢] > 1, Zy = onCa with (o 1L Xo, £(Cr) = £(C)
P) < oo for any p > 1 and E(¢) = 0.

Assume in addition that lim,_oo 0y = ¢ < 0.

for some random variable ¢ such E(|¢

Then conditioned by {s(> + Xo # 0}

(¢2 —1)¢ Cl)

lim £(6"(n — 0)) = £( -y

where L((1) = L((2) = L(¢) and (1, (2, Xo are independent.

v

When Xy = 0 and ¢ Gaussian, then the law of limit is Cauchy distribution.
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Proposition (Parameter estimation: |¢| > 1 - Convergence in law of
the mean)

If sup,, |[E(ZF)| < oo for any p > 1 and

def —
2= lim,n1Y"]_, 02 exists and is finite.

Then conditioned by {S~ + Xo # 0}

N
. 1 n(z _ (¢2 - l)ZOO
nlnloﬁ(m;‘b (¢n = ¢)> - E( Seo + Xo )
where the random variables Z.,, Soc and Xy are independent with

L(Z2) =N(0,(¢—1)27) and Su =) ¢ “Z.

k=1

When Xy = 0 and the Z,s are Gaussian, then the law of limit is Cauchy
distribution.
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